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Introduction 
 

Structural Health Monitoring is a relatively new field that has become popular in many 

industries including aerospace, civil, and automotive; and similar schemes have become integral 

in environmental and animal observations and studies. Today, wireless sensors monitor the 

surrounding environment by collecting relevant measurements and transmitting the data via radio 

frequency (RF) transmission to a base station where it is processed further and interpreted. Such 

measurements include, but are not limited to: pressure, temperature, seismic vibration, wind 

speed/direction, heartrate, gps location, etc. Wireless sensor networks are used in aircraft, civil 

structures (bridges, etc.), military surveillance, personal tracking devices, industrial process 

monitoring, environment/habitat monitoring, traffic control, and so on. Because these networks 

are wireless, their power source is usually a battery with finite life available. Recently, the field 

of energy harvesting to provide additional power has become a topic of interest. Using the 

surrounding environment as a power source can extend the life of the battery if not provide 

enough recharging power to keep the battery fully charged indefinitely. However, batteries also 

have a finite number of charge/discharge cycles, meaning they will eventually have to be 

replaced. In some applications this is quite difficult as the individual nodes may be inaccessible 

or simply densely distributed in which case it becomes expensive to replace batteries. There is a 

large push to develop energy harvesting methods that do not require a battery for built-up energy 

storage. Imagine if the harvesting device can collect enough energy quickly enough to power the 

sensor directly. Therefore, in any setup, the power available and required is of important 

consideration. 

Most applications require a relatively low duty cycle as the pertinent information to 

measure does not change rapidly. This means that each sensor node spends most of its lifetime in 

standy mode, resulting in a typical power requirement of less than 1 mW (Roundy et al., 2005a).  

There are several sources of energy available from the surrounding environment. Table (1) gives 

an overview of such sources and their typical capabilities and characteristics. 

 

 

 

Table 0:  Energy and power sources comparisons (Roundy et al., 2005a) 
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Power source 
Power 

(µW)/cm
3
 

Energy 

(Joules)/ 

cm
3
 

Power 

(µW)/cm
3
/

yr 

Secondary 

storage 

needed? 

Voltage 

regulation 

Commerc-

ially 

available 

Primary battery N/A 2,880 90 No No Yes 

Secondary 

battery 
N/A 1,080 34 N/A No Yes 

Micro fuel cell N/A 3,500 110 Maybe Maybe No 

Ultracapacitor N/A 50-100 1.6-3.2 No Yes Yes 

Heat engine 1E6 3,346 106 Yes Yes No 

Radioactive 

(
63

Ni) 
0.52 1,640 0.52 Yes Yes No 

Solar (outside) 15,000
*
 N/A N/A Usually Maybe Yes 

Solar (inside) 10
*
 N/A N/A Usually Maybe Yes 

Temperature 40
*†

 N/A N/A Usually Maybe Soon 

Human power 330 N/A N/A Yes Yes No 

Air flow 380
‡
 N/A N/A Yes Yes No 

Pressure 

variation 
17

§
 N/A N/A Yes Yes No 

Vibrations 375 N/A N/A Yes Yes No 

*
 Measured in power per square centimeter, rather than power per cubic centimeter. 

†
 Demonstrated from a 5 ºC temperature differential. 

‡ 
Assumes an air velocity of 5 m/s and 5 percent conversion efficiency. 
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§
 Based on 1 cm

3 
closed volume of helium undergoing a 10 ºC change once a day. 

 

For the applications at hand, the three most popular sources are solar (outside), air flow, 

and vibrations. It is widely known that solar provides the highest power density, however many 

applications are not conducive to using this source, especially indoor applications such as 

heartrate monitoring of a patient in a hospital. The use of air flow is also a popular energy 

harvesting method. Large wind turbines collect enough energy to power homes and even entire 

cities. On the other hand, this technology does not scale well and thus smaller versions do not 

provide the necessary energy at slow flow rates. And again, many applications do not have a 

potentially useful air flow source. Finally, vibrational energy harvesting has become a growing 

interest in this field of powering wireless sensors. Vibrations occur in almost all structures and 

environments. The kinetic energy available to harvest is dependent on the vibration frequency 

and amplitude. Examples of this type of harvester include the Seiko Kinetic watch and the shake-

driven flashlight.  
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Background 

 

Vibrational energy harvesting is accomplished using a proof mass that oscillates relative 

to the surrounding environment which is converted using various electromechanical devices. For 

the most basic devices, the mass is chosen such that vibration resonates with the surroundings at 

one of the low-order modes involved. Roundy et al. (2005a) developed a 1 cm
3
 prototype design 

that produced 375 µW of power from 2.5 m/s
2
 vibrations at 120 Hz. In general, power densities 

in the range of 50-400 µW/cm
3 
have been achieved. These levels of power density are well 

suited for wireless sensor node applications. This same group has summarized a table of 

common vibration sources, provided here in Table (2). 

 

Table 0: Sources of mechanical vibrations (Roundy et al., 2003; Leland et al., 2004) 

Vibration Source 
Accelerati

on (m/s
2
) 

Frequency 

(Hz) 
Vibration Source 

Accelerati

on (m/s
2
) 

Frequency 

(Hz) 

Car engine 

compartment 
12 200 

HVAC vents in 

office buildings 
0.2-1.5 60 

Base of 3-axis 

machine tool 
10 70 

Windows next to a 

busy road 
0.7 100 

Blender casing 6.4 121 
CD on notebook 

computer 
0.6 75 

Clothes in dryer 3.5 121 
Second story floor 

of busy office 
0.2 100 

Persons nervously 

tapping heels 
3 1 

Wooden deck with 

people walking 
1.3 385 

Car instrument 

panel 
3 13 Bread maker 1.03 121 

Door frame just 

after door closes 
3 125 Washing machine 0.5 109 

Small microwave 

oven 
2.5 121 Refrigerator 0.1 240 
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The two important characteristics of a vibrating source are the maximum acceleration and 

the frequency at which that acceleration occurs. Since most ambient vibrations have very low 

accelerations, the frequency becomes the design factor to look at. Current harvesters are 

designed to resonate with this frequency. However, at low vibration frequencies, it is very 

difficult to achieve resonance without increasing device size substantially (Roundy et al., 2003). 

As the source deviates from this resonant frequency, the harvester’s efficiency drops 

dramatically.  

The conversion from kinetic energy to electrical energy is accomplished based on the 

specific electromechanical device used. William and Yates (1995) have proposed a generic 

model for a vibration to electrical energy converter. The converter is modeled as a single degree 

of freedom mass-spring-damper system as described in Figure (1).  

 
Figure 0: Generic Model for a Vibration to Electrical Energy Converter 

 

In such a system, the damper represents loss of mechanical energy. In a vibration based energy 

harvester, since the energy converted to electrical form is the loss of kinetic energy from the 

mechanical system, the conversion mechanism can be treated as an electrical damping effect on 

the mechanical system. Consequently, the equivalent mass spring damper system can be 

expressed by the following equation  

yMKzzcczM me
  )(
 (0.1) 

where M is the vibrating effective mass 

y is the input displacement due to vibration 

z is the spring deflection opposing the input displacement 

ce is the electrical damping coefficient 

cm is the mechanical damping coefficient; K is the spring constant. 

M

ce+cm

K
z(t)

y(t)
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The electrical power converted from the mechanical system is equal to the electrical damping 

loss of the mechanical system by ce. The harvested electrical power can be expressed as (Roundy 

et al., 2004) 
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where meT  
is the combined damping ratio, and e , m are the electrical and mechanical 

damping ratio. The relation between the damping ratio and damping coefficient is 
nMc 2

. 

If the device is designed to resonate at the natural frequency n , i.e. n 
, the electrical power 

can be maximized to 

22 442

1 223
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 

  

(0.3) 

where 
YA n

2
 is the acceleration magnitude of input vibrations. 

Energy is converted whenever work is done by the input vibration force against the 

electrical damping force. The electrical damping effect is achieved using an electromechanical 

transducer. Such a transducer can be implemented using one of the following four conversion 

mechanisms: electromagnetic converter, electrostatic converter, piezoelectric converter and 

magnetostrictive converter. This work utilizes the latter. 

Magnetostrictive Materials (MsM) have a characteristic known as the Villari effect. 

When the material undergoes strain its magnetic properties change. If the MsM experiences a 

constantly changing strain field, its magnetic field is constantly changing. This magnetic flux can 

be converted to electrical energy using a pickup coil and Faraday’s law of induction. The 

linearized material behavior can be expressed using 

T

H

B H d

dH s

 

 

 

   

(0.4) 

where B is magnetic flux density 

µ
T
 is permeability under constant stress 

H is magnetic field intensity 
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d is piezomagnetic coefficient of MsM 

σ is mechanical stress 

ε is mechanical strain 

s
H
 is elastic compliance under constant magnetic field 

The magnetostriction coefficient is defined as the fractional change in length of the material in 

response to increase in the magnetization of the material from zero to the saturation value 

(Hyperphysics, 2009). Many ferromagnetic materials such as cobalt and nickel exhibit 

magnetostriction, however their conversion efficiency is very low. In 2007, Lei Wang proposed 

the use of amorphous Metglas 2605SC alloy for vibration energy harvesting. Metglas 2605SC 

has a conversion efficiency of 97%. An electromechanical circuit model was presented for an 

MsM based energy harvester. Maximum output power was 200 µW when the harvester was 

excited by 58 Hz vibrations. The output voltage was only 0.15 V; less than the forward voltage 

drop of a diode. When an 8 layers MsM device is driven by 1.1 kHz vibration, the output power 

to a 3 F supercapacitor is 576 µW. Figure (2) below shows his device; a cantilever beam with the 

thin Metglas bonded to the surface. This figure also shows the pick up coil. 

Substrate  

Figure 2: Vibrational Energy Harvesting Device used by Wang(2007) 

This previous work has two notable characteristics relevant to the work presented here. First, 

Wang(2007) explored a fixed-frequency harvester. In other words, as mentioned before, the 

device is tuned for resonance with the vibrational source. Also, the device underwent small 

deflections classified as within the linear region of stress/strain. As pointed out in (Roundy et al., 

2003, 2005a), the output power from such converters falls off very quickly even if there is a 

slight mismatch between the natural frequency of the device and the input vibration frequency. 

Therefore, it is very essential that the natural frequency of the device closely matches the 

vibration frequency. In most of the environments, depending on the operating conditions, the 



 

 - 12- 

frequency of the driving vibration may change over time. In order to solve this obstacle, 

researchers have explored devices that can harvest a wider bandwidth of vibrating frequencies. 

This is often referred to as wideband energy harvesting. Furthermore, one of the more popular 

strategies investigated are devices with nonlinear characteristics. Soliman et al. (2008) developed 

a wideband electromagnetic converter using piecewise-linear oscillators instead of linear 

oscillator to sense input vibrations. The proposed oscillator used a stopper that moved along a 

track in the horizontal direction and is maintained at a constant height above a cantilever beam. 

As the input oscillations increase, the stopper changes the effective length of the beam. 

Simulation results showed that 30% more energy was collected using the stopper over a 13.8 Hz 

range around the natural frequency of the converter. The work presented here involves structural 

nonlinearity; as the MsM and its substrate are loaded until buckled, and then they are vibrated. In 

this regime, the deflection of material is nonlinearly related to the additional applied load past 

critical buckling load. A generic graphical representation of this is shown in Figure (3). 

 

 

Figure 3: Illustration of Beam Deflection Pre- and Post- Buckled 

Assuming a non-perfect beam, there exists very little deflection up until the critical load is 

applied. After this point the beam is considered first-mode buckled and the deflection increases 

drastically with additional loading. More notable, this new region is nonlinear. The next step is to 
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investigate how working in this regime affects the characteristics of the beam’s stress/strain 

fields and therefore the magnetic field of the MsM.  
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Nonlinear Theory 
 

We must first begin with the simplified linear model of the harvester. The linearized one-

dimensional magnetomechanical constitutive equation of MsM material is similar to that of 

uniaxial piezoelectric material (IEEE Standard, 1991). It follows a piezomagnetic law (IEEE 

Standard, 1991). It can be expressed in the following form.  


























Hd

ds

B T

H 




*  (0.1) 

where ε and σ are mechanical strain and stress respectively; B and H are magnetic flux density 

and field intensity respectively; s
H
 is the elastic compliance under constant magnetic field; µ

T
 

is the permeability under constant stress; d and d
*
 are two magnetomechanical coefficients. 

These two coefficients (i.e., d and d
*
) can be determined experimentally with the following 

definitions. 

 





H
d






          

 

HH
d






*

 

Error! 

Reference source 

not found.) 

 

  

where subscript σ and H refer to the measurements under constant stress and constant magnetic 

field intensity respectively. Note that d and d
*
 can be considered to be equal for small strains 

(Wang, 2007). 

Rearranging Eq. (0.1) by switching the position of ε and σ leads to the following form: 
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where 
HH SE /1  is Young’s modulus or elastic modulus under constant magnetic field; 

HTS Sdd /*   is the permeability under constant strain; coefficients e and e
*
 can be 

calculated by:  

dEe H  (0.3a) 

** dEe H  
(0.3b) 

An important figure of merit for MsM is the material coupling coefficient, k, which is defined as 

(Du Traemolet de Lacheisserie, 1993; Engdahl, 2000; Wang, 2007): 

Mm

mMk
εε

ε


 

(0.4) 

where 
2/ H

m sε
, 

2/HH T

M ε
 and 

2/HdmM ε
 are the mechanical, 

magnetic, and mutual magnetoelastic energy respectively. Substituting the definitions of mε , 

Mε  and mMε
 into Eq. (0.4) (Wang, 2007), one can obtain: 

HT s

d
k




 

(0.5) 

 

For the nonlinear case, the beam must be re-examined and linear assumptions are re-

evaluated. Nonlinearities in structural mechanics come up in many different ways including 

material, geometric, inertia, and friction nonlinearities (Emam, 2002). Geometric nonlinearities 

originate from nonlinear strain-displacement relationships. Sources of this type of nonlinearity 

include midplane stretching, large curvatures of structural elements, and large rotation of 

elements. Because of the midplane stretching, the governing equation of a buckled beam 
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possesses cubic nonlinearities. It should be noted here that the boundary conditions for this study 

include simply supported and clamped-clamped. Both setups involve applying axial preload until 

the beam buckles. The nonlinear responses of buckled beams have been investigated by many 

researchers in the past century. Burgreen (1951) investigated experimentally and analytically the 

free vibrations of a simply supported buckled beam using single-mode discretization. He 

presented that the natural frequencies of the buckled beams depend on the amplitude of 

vibration. Eisley (1964a, 1964b) investigated the forced vibrations of the buckled beams and 

obtained similar forms of the governing equations for simply supported and clamped-clamped 

buckled beams using single-mode discretization. Abu-Ryan et al. (1993) investigated the 

nonlinear dynamics of a simply supported buckled beam using single-mode approximation to a 

principal parametric resonance. They obtained a sequence of supercritical period-doubling 

bifurcations leading to chaos and snapthrough motions. This regime promises high changes in 

strain fields within the beam. 

 The prototype of the wideband energy harvester is shown in Figure(4). The clamped-

clamped beam consists of Metglas layers which are bonded on a brass substrate and is wound by 

a pick-up coil. This buckled beam was originally flat and has been compressed past the critical 

buckling load crP to a static deflection position 0w  by an axial force P with clamped ends. The 

buckled beam is excited by the base motion y. The nonlinear MsM energy harvester is operating 

around the first buckling mode of the clamped-clamped beam. 
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 Figure 4: Nonlinear MsM energy harvester 

 

Assume that axes x and z are in horizontal and vertical directions respectively as shown 

in Figure(4). The source vibration y is in the z direction. The beam configuration is a unimorph 

structure with MsM layers on the top side of the substrate. Both the substrate and MsM laminate 

have the same width b and length l and their thicknesses are ts and tM respectively. To derive the 

model of the nonlinear vibration of the wideband MsM energy harvester, some assumptions are 

made. First, the in plane deformation is ignored. Second, the transverse shear strains are ignored. 

Consequently, the rotation of the cross section is due to bending only. The last assumption is that 

no transverse normal strains are considered. Therefore, the beam can be modeled according to 

the Euler-Bernoulli beam theory. 

To derive the equations of motion and associated boundary conditions for continuous 

system, the extended Hamilton principle is developed. 
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where T is the kinetic energy, V is the potential energy, also called elastic energy, WM is the 

magnetic energy, Wnc is the non-conservative work, and t0 , tf the initial and final times 

respectively. 

The kinetic energy is given by 
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where subscripts s and M indicate the substrate and MsM layer, respectively. m is the mass per 

unit length. 

 The first variation of the kinetic energy can be obtained by (Emam, 2002) 
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where the first term vanishes by virtue of Hamilton’s principle. 

The potential energy due to bending is given by 
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According to the Euler-Bernoulli beam theory, 
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According to the Hooke’s law, the stress of the substrate is given by 

 ss E  (0.10) 

The second equation in Eq. (0.2) can be rewritten as 
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eHE H

M    (0.11) 

Assuming the solenoid coil is long and neglecting fringing effect, magnetic field intensity H can 

be expressed by Ampere’s law  
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The potential energy due to the axial force P is given by (Emam, 2002) 

 













l

a dx
x

w
PV

0

2

2

1
 

(0.15) 

The potential energy due to the midplane stretching is given by (Emam, 2002) 
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where As and AM are the cross section area of the substrate and the MsM layer, respectively.  
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Therefore, the total potential energy can be expressed as 
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The magnetic energy is given by 
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The nonconservative work is given by 
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(0.22) 

where q is a distributed load in the transverse direction, v
dt

d v 


, and v is the applied voltage. 

Substituting Eq. (0.7), Eq. (0.19), Eq. (0.21) and Eq. (0.22) into Eq. () yields 
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Because Eq. (0.23) must hold true for any arbitrary w , i , and  xw  / , the integrand should 

be zero. As a result, the governing equations for the nonlinear MsM energy harvester are 
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The boundary conditions are 
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Assume the buckled beam has been compressed past the critical buckled load, Pcr, to a static 

deflection w0. Following the Rayleigh-Ritz method, w(x,t) can be given by 
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where )(0 xw is the static deflection of the buckled beam, )](,),([)( 1 xxx
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vector of the beam, and T
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and the initial static deflection w0 satisfies 
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where Pcr is the fundamental buckling load of a clamped-clamped beam. 

Instituting Eqs. (0.27) ~ (0.29) into Eq. (0.24), the governing equations can be obtained 

by 

  

 





 




























































































l

T

l

TMM

Hl

T

m

l

T

l

TTTT

l

T

cr

l

ivT

l

T

dxxq

idxx
l

hANdE
tdxxxcdxxw

txxdxtxwxttxx
l

EA

tdxxxPtdxxxEItdxxxm

0

00

0

0 0

0

000

)(

)()()()()(

)()()()()()(2)()()()(
2

)()()()()()()()()(

φ

φrφφ

rφφrφrrφφ

rφφrφφrφφ





 (0.30a) 

i
l

AN
tdxx

l

hANdE
v M

sl

MM

H


2

0

)()(
















  rφ

 
(0.30b) 



 

 - 23- 

Looking at Eq. (0.30), the buckled MsM energy harvester has a cubic nonlinear term for 

)(tr in time which makes wideband design possible.  
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Experimental Setup 
 

The first experimental apparatus designed was for a simply-supported beam configuration. This 

boundary condition is highly idealized, however the devices’ design attempted to model this as 

closely as possible. Figure (5) and (6) show the conceptual boundary conditions and the actual 

device’s, respectively.  

 

Figure 5: Conceptual Illustration of Simply Supported Beam 

 

 

Figure 6: Experimental Model of Simply Supported Beam 

 

The beam is compressed by and angled piece of aluminum on each side. Notches are cut out of 

these to allow for rotation of the beam as it deflects in the buckled regime. This eliminates any 
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reaction moments at the boundary. One of these angles is clamped in place while the other is 

allowed to slide along a track while the preload is being administered. Once the desired amount 

of load is accomplished, this angle is clamped as well and the test is begun. Figure (7) shows the 

full Solidworks model of this.   

 

Figure 7: Simply Supported Test Apparatus 

 

The shortcomings of this device is that it cannot perfectly mimic the simply supported 

boundary conditions. In order to accomplish this, one of the angles must be fixed and one must 

be free to slide back and forth while the test is being run. Also, the notch helps to eliminate 

reaction moments, but any misalignment in the machining of the track or the notch or the test 

beam and the beam and the angle do not make a perfect contact, especially in the in-plane 

direction This results in some initial twist of the beam. Finally, in order to test the effectiveness 

of the buckled scenario, we must first run the test with no axial preload. For the simply supported 

case, this means zero reaction in the x direction and zero in the negative y direction (vertical). In 

the test environment, this is impossible. The baseline, therefore, will have just enough axial 

preload to hold the beam to the device. 

 Next, the clamped-clamped boundary condition was explored, because this proved to be 

easier to accomplish experimentally. Figure (8) and (9) show the conceptual boundary conditions 

and the actual device’s, respectively.  
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Figure 8: Conceptual Illustration of Clamped-Clamped Beam 
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Figure 9: Test Apparatus for Clamped Clamped Beam 

 

The same basic apparatus was used as before, but the angled aluminum was replaced with two 

clamps. The only obstacles in this setup are ensuring that the beam is placed in the clamps 

orthogonal to the clamp edges and that there is even pressure across the plane. Using clamping 

metal that has high stiffness and tightening the screws on either side of the beam an even amount 

helps to ensure this. Also, in this scheme, a proof mass is used; but not to match the resonant 

frequencies. Here it is used simply to lower the natural frequency of the device as buckling a 

clamped beam increases this characteristic over 20 times the baseline values.  

 Auxiliary test equipment include a FlexiForce piezoresistive force sensor from Tekscan, 

Inc., mounted at one end of the device. A micrometer is used to apply the preload, as well as 

measure the axial displacement. A power amplifier with high drive strength, 2125MB from MB 

Electronics, Inc. and a vibration shaker VTS100-8 from Vibration Test Systems, Inc. were used 

to drive the apparatus. The unimorph beam was comprised of a brass substrate and four layers of 

cast Metglas2605 SA1 on the top surface. An Agilent 33120A function/arbitrary waveform 

generator creates a sinusoidal signal that is sent to a KH Krohn-hite 7602M wideband amplifier 
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to drive the vibration shaker. The MsM prototype device is mounted on top of the shaker. The 

output signal from the MsM is measured using a Tektronix DPO2024 digital phosphor 

oscilloscope. The photograph of the actual experimental setup is shown in Error! Reference 

source not found.(10). Table (3) shows the relevant values of the harvesting device. 

 

 

Figure 10: Supporting Electronics for Testing 

 

Table 3: Parameters of the clamped-clamped beam 

Parameter Value 

Length 59.24mm 

Width 12.5mm 

Thickness of the brass shim 0.19mm 

Thickness of Metglas (one layer) 0.022mm 

Total thickness of the beam 0.31mm 

Young’s modulus of Metglas 100~110GPa 

Young’s modulus of brass 100~110GPa 

Proof mass 12.95g 

Turns of the coil 3000 
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Discussion of Results 
 

Experiments were carried out to study the nonlinearity of the prebuckled beam and the 

postbuckled beam under the compressive axial preload and heavy proof mass. The nominal peak 

acceleration of the driving vibrations used in the experiments was approximately 38 m/s
2
. The 

axial preload was carried from 0 N to 31 N in step of approximately 4 N. The natural frequency 

of the device, the bandwidth, the open circuit voltage and the peak output power were measured 

for each level of preload. The preload was gradually increased until the unimorph entered the 

plastic region. When the unimorph was close to the plastic region, some amount of irreversible 

deformation existed. The power output reduced to zero. Therefore, the unimorph had to be 

discarded and was not used for subsequent measurements.  

First, the simply supported buckled beam proved to be unusable in this study because of 

the obstacles discussed earlier. During testing, the possible introduction of twist and the lack of 

correct boundary conditions led to measurements that were not higher than the generic noise 

floor of the measurement equipment. Therefore, no results are presented here. 

The clamped clamped condition was easier to control, however there still exists some 

disparity between the experimental observations and the theory. From calculations, the 

theoretical critical buckling load is around 31 N, however in the experiment the unimorph 

buckled below the theoretical critical buckling load and entered the plastic region when the load 

exceeded the theoretical critical buckling load. The heavy proof mass in the middle of the beam 

applies additional midplane stretching thereby reducing the critical buckling load from the axial 

force. 

 The following factors may affect the measurement results and mismatch the theoretical results: 

 The unimorph is not a true long slender beam since the ratio of the unimorph’s 

length to the width is not large enough. 

 The length of the unimorph may change slightly for different preload. 

 Locally stiff regions were formed during the machining process and due to the 

mass bonded on the unimorph. 

 To apply the preload and to measure it, some part of the beam must be outside the 

clamps. As a result, the actual beam length is longer than the effective beam 

length. The friction that exists between the part of the beam outside the clamps 

and the force sensor or the force applying apparatus can affect the end conditions.  
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 The vibrations affect the clamping setup. This causes change in the applied axial 

force to the beam and also affects the end conditions.  
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 Figure 0.1. Natural frequency versus preload 

The open-circuit natural frequency was measured for each level of preload by varying the 

frequency of the driving vibrations manually. Figure 0.1 shows the effects of compressive axial 

preload on natural frequency for the clamped-clamped MsM generator. For the 12.95 g proof 

mass, the natural frequency reduces from 113.8 Hz to 94.2 Hz first and then increases to 105.1 

Hz as the preload is increased. As mentioned by Leland, E.S. and Wright, P.K. (2006) that the 

compressive axial preload can adjust the natural frequency of a simply supported beam below the 

unloaded natural frequency, the compressive axial preload lowers the natural frequency of a 

clamped-clamped beam before the beam buckles. According to the linear theory, the natural 

frequency becomes zero as the compressive preload reaches the critical buckling load. As 

predicted in Eq. Error! Reference source not found.), the natural frequency of the postbuckled 

beam increases for higher buckling level (i.e. higher preload). In the experiment, the unimorph 

buckled when preload reached around 15 N. 



 

 - 30- 

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0 5 10 15 20 25 30 35

M
ax

im
u

m
 O

p
e

n
 C

ir
cu

it
 V

o
lt

ag
e

 (
V

)

Preload (N)

 

 Figure 0.2. Maximum open circuit voltage versus the compressive axial preload 

The maximum open circuit voltage was measured for each level of preload when the clamped-

clamped beam was operating at the open-circuit natural frequency. Figure 0.2 illustrates the 

effect of the compressive axial preload on the maximum open circuit voltage. Before the beam 

buckles, the maximum open circuit voltage decreases from 0.7 V to 0.5 V as the preload is 

increased. After the beam buckles, the maximum open circuit voltage continues to decrease up to 

0.13V first and then increases to 0.27 V. The relationships described in Eq. Error! Reference 

source not found.) and Eq. Error! Reference source not found.), however, suggest that the 

maximum open circuit voltage should increase at higher preload. For the postbuckled problem, 

the theoretical results about the effect of the buckling level on the open circuit voltage have been 

predicted in Section Error! Reference source not found.. This mismatch between the 

theoretical results and the experimental results might be explained by the increase in the device 

damping at higher levels of preload (Leland, E.S. and Wright, P.K., 2006). 

Figure 0.3 shows the open circuit voltage as a function of the input vibration frequency. With the 

heavy proof mass, the clamped-clamped beam shows nonlinearity under both zero and 19 N 

preload. The effects of the nonlinearity include the change in the natural frequency and the 

bending of the frequency response. When the clamped-clamped beam is under zero preload, the 

resonance peak bends to higher frequencies as shown in Figure 0.3a. The midplane stretching, 

caused by the heavy proof mass, results in the hardening effect. Heavier proof mass will cause 

larger bending of the frequency response. For the postbuckled clamped-clamped beam, the 

resonance peak bends to lower frequencies as shown in Figure 0.3b. Here, the softening effect 

caused by the axial load dominates the hardening effect caused by the heavy proof mass. As a 
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comparison, the nearly linear response can be seen for the cantilever beam as shown in Figure 

0.3c. However, for the large excitation acceleration, the cantilever beam will also show some 

amount of nonlinearity. For a highly nonlinear system, hysteresis appears in the frequency 

domain depending on the direction of vibration frequency sweep. This can be observed in the 

experiment. The jump phenomenon that the open circuit voltage undergoes, a sudden 

discontinuous jump near resonance happened as shown in Figure 0.3a and Figure 0.3b.  
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      (c) 

 Figure 0.3. Peak to peak open circuit voltage as a function of input vibration frequency (a) when 

no axial preload is applied to the clamped-clamped beam; (b) when 19 N axial preload is applied 

to the clamped-clamped beam; (c) for linear cantilever beam 

The nonlinearity represented as the bending of the frequency response indicates the possibility 

that the nonlinear system has a wider band than the linear system. Figure 0.4 shows the 

relationship between the 3dB bandwidth and the compressive axial preload. For the prebuckled 

beam, the bandwidth is nearly constant since the dominant nonlinearity is caused by the constant 

proof mass. For the postbuckled beam, the bandwidth changes since the nonlinearity due to the 

varying axial load becomes dominant. The maximum bandwidth of 9.3 Hz can be obtained for 

the postbuckled clamped-clamped beam in the experiment. 
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 Figure 0.4. Bandwidth versus preload 

 

The output power was calculated from the measured RMS voltage drop across a known 

resistance. The maximum output power for each level of preload was measured when the beam 

was operating at the natural frequency and drove an optimum resistive load. Figure 0.5 shows the 

maximum output power as a function of the preload. The maximum output power has the same 

behavior against the preload as that of the maximum open circuit voltage. The maximum output 

power for each level of preload is in the range of 49 µW and 3 µW. In contrast to the relationship 

between the bandwidth and the preload, the damping reduces the output power while increases 

the bandwidth. From Figure 5.12 and 5.13, it can be seen that the damping will increase the 

bandwidth at the expense of the output power. 
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 Figure 0.5. Maximum output power versus preload 
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Conclusion 
 

 The primary goal of this work was to investigate and prove that applying a buckling load 

to a vertically vibrating MsM beam can increase its energy harvesting bandwidth. The single-

mode approximation shows that there exists a cubic term in the governing equations of the beam 

which proves, theoretically, that wideband energy harvesting is possible. The next step was to 

prove this theory with experimental results. Careful design of an accurate test apparatus took 

place, striving to mimic conceptual boundary conditions and to remain congruent with the 

assumptions made in the theory.  

For the simply supported scenario, the boundary conditions were highly idealized and 

thus required careful attention and furthermore, precise machining. Even with these steps taken, 

the experiments involving this setup were inconclusive as the open-circuit voltages were not high 

enough to distinguish from the existing noise involved with the measurement equipment. It was 

quickly decided that this experiment was too difficult to control and time would be better spent 

with the clamped clamped boundary condition. 

The clamped experiments proved to be somewhat more successful, although it should be 

noted that it was quickly apparent that these tests are very dependent on matching the 

experimental setup with the conceptual assumptions. A slight difference in this results in only 

mediocre results. With that said, we were able to observe some signs that applying a preload 

increases the bandwidth of the energy harvester. As noted before, this comes with the price of 

reducing the output power due to increased mechanical damping. 

Future work should include a redesign of the test apparatus. Finer precision in machining 

and preparation can eliminate the twist involved in the simply supported case. Also, as discussed 

earlier, the simply supported boundary condition involves one fixed side and one side on 

frictionless rollers. This can be more closely mimicked by placing the moveable angle on a track 

bearing and by placing a spring in between the angle and the micrometer which applies the load. 

This will allow for the application of a buckling load while also allowing the boundary condition 

to move in the x direction as the beam vibrates, which could allow the beam to snapthrough the 

undeflected position into a negatively buckled geometry; and then back again. This will reduce 

the mechanical damping and may in fact produce more output power.  
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